
39

ψ ϕ m (  0≠β )
. 8  9. ,

0=ϕ βϕ = βϕ <<0 . βϕ <<0 1+= mn ,
 0=ϕ βϕ = mn= .

1. . ., . . . – .: , 1990. 
2. . ., . ., . ., . .,

( - ) – .: , 1966. 
3. . . . . .: , 1982. 
4. . . . – .: , 1982. 

 « »

ELEMENTS OF THE STRATEGY OF "RANDOM SELECTION" OF THE ELLIPTIC CURVE 

. . , . .
. . , . ,

 [1],  « »  ( )
 SEA 

.
 [2] ,

 (N. Elkies)  (A. Atkin). 
 [3]. 

. qF

qF . )()(: qq FEFE →ϕ ,

 ),(=),( qq yxyxϕ , OO =)(ϕ
0=2 qT +− ϕϕ ,=)())(( OqPPTP +− ϕϕϕ      (1) 

T  – , TqNFE q −+1=|=)(| . 
,  )( qFE T .

.8

m = 2k+1 

n=m+1 

α -β

β

α

ψ

β

α ϕ

n = m 

m = 2k

n=m+1 

α -β

β

α

ψ

β

α ϕ

n = m 

.9



40

 )( ilmodT , il  – ,

q4 ( qN > qN <
). T .

2=l .  )( qFE
 ,0)(= xP , :

1,),( 3 ≠++− baxxxxq              (2) 
 2)0(= modt ,  2)1(= modt . 2>l

.
n  ][nE )( qFE ,

, n :
}=|)({=][ OnPFEPnE q∈ ,

,  ][])[( nEnE ∈ϕ .  ])[( nEϕ lϕ .
 (1) )( qFE

l .
)( lmodT ,

 ),(2 lmodk ll τϕϕ ≡+             (3) 
 )(= lmodqk , )(= lmodTτ .

 ],[),( yxFyx qn ∈ψ , 1,0,1,2,= −n ,
:

1=),(1 −− yxψ , 0=),(0 yxψ , 1=),(1 yxψ , yyx 2=),(2ψ ,
224

3 1263=),( abxaxxyx −++ψ ,
)845205(4=),( 3222346

4 ababxxabxaxxyyx −−−−++ψ ;
, 3≥n :

))/(2),(),(),(),()(,(=),( 2
12

2
122 yyxyxyxyxyxyx nnnnnn +−−+ − ψψψψψψ ,

2≥n :
),(),(),(),(=),( 1

3
1

3
212 yxyxyxyxyx nnnnn −+++ − ψψψψψ .

 ),( yxnψ . 2y baxx ++3

nψ ′ ,  ][xFq
 ][xyFq .  ),(=)( yxxf nn ψ ′ , n , yyxxf nn )/,(=)( ψ ′ , n .

, n  – , q n ,  1)/2(=)(deg 2 −nxfn  4)/2(=)(deg 2 −nxfn
n .

)( qFE n :

−−⋅ +−−++−
3

2
12

2
12

2
11

),(4
),(),(),(),(,

),(
),(),(=),(

yxy
yxyxyxyx

yx
yxyxxyxn

n

nnnn

n

nn

ψ
ψψψψ

ψ
ψψ

       (4) 

, : )( qFE ),(= PP yxP ,

∞PkP = , 0=)( Pk xf .
 (3), : 0=τ

0≠τ . 0=τ , 0≠τ
 (1)  (4) :

=
),(4

),(),(),(),(,
),(

),(),(),( 3

2
12

2
12

2
1122 −−⊗ +−−++−

yxy
yxyxyxyx

yx
yxyxxyx

k

kkkk

k

kkqq

ψ
ψψψψ

ψ
ψψ



41

−− +−−++− pqq

yxy
yxyxyxyx

yx
yxyxx )

),(4
),(),(),(),((,)

),(
),(),(( 3

2
12

2
12

2
11

τ

ττττ

τ

ττ

ψ
ψψψψ

ψ
ψψ ,

⊗  – . :

≡
≡

)),(0()(
)),(0()(

2

1

xfmodxH
xfmodxH

l

l

)(1 xH , ][)(2 xFxH q∈ . 1,0,1,= −lτ
)(= lmodTτ .

,
)=( pq

:
:  )( pFE .
: N  –  )( pFE .

1.  2>il , plll n 421 ≥ ;
2. =t , 0=i , 1=L ;
3. 0=3 baxx ++ pF ,  {0,2}=t ,  {1,2}=t ;
4. 1= +ii , ilLL ⋅= ; 

5. pL 4≥ ,  13; 
6. ill = , )(= lmodpk ;

7. , )( qFEP∈ , kPPl ±=)(2ϕ ;

) P , kPPl =)(2ϕ ,  8; 
) P , kPPl −=)(2ϕ ,  }{0,= ltt ∪  4; 
) ,  10.

8. 1=)( −
l
k ,  }{0,= ltt ∪  4, )(= lmodkω ;

9. ω± lϕ ,  }{0,= ltt ∪
 4, ω

},2{= ltt ω±∪  4; 

10. τ ,
2

11 −≤≤ lτ ,  )(=))(( 2 PPk ll τϕϕ ±+ ,

][lE ;
11. },{= ltt τ∪ ;
12.  4; 
13. , T ;
14. TpN −+1= .

 [1,4,5]. 
,  SEA , -

.
,  )( ilmodT , il  – 

, q4 , il
. « l » « l ». , il
 « »,  )( ilmodT ,



42

,  [5]. , il  « »,
 )( ilmodT , ,  [5]. 

il  « -
» [6].  [2,6]. 

 SEA .
: E  )( qF .
: N  – )( qFE .

1. 1=M , 2=l , {}=A , {}=][lE ;
2. qM 4> ,  15; 
3. 0))),(,(( ≠Φ− jxxx l

q ,  9; 
4. r  [6];  
5. g *

2l
F ;

6. 1}=),(|={= 1)/2( rigS rli
r

−γ ;
7. Sr ∈γ :

- :

+
)(=

)(=
=/

lmodq
lmodt

r

λμ
μλ

γμλ

-  ),(= ltAA ∪ .
8.  12;
9.  )(xFl  10;
10. λ ,  1),)(( 11

2 ≠+− +− l
p Fxx λλλ ψψψ ;

11. )(/= lmodqt λλ + , ),(][=][ ltlElE ∪ ;
12. lMM ⋅= ;
13. l ;
14.  2;
15. T –

 « »  [7];  
16. TqN −+1= .

,  SEA 
, q . -

-
. ,  « »

.
 [8,9], 

.

1. Lencier, R. Finding good random elliptic curves for cryptosystems defined F2n [ ] / Lencier 
R.; Lecture Notes in Computer Science, 1997, Vol.1233, P. 379–392. 

2. Schoof, R. Elliptic curves over finite fields and the computation of square roots mod p [ ] / 
Schoof R.; Math. Comp., 1985, Vol. 44, P. 483–494. 

3. Schoof, R. Counting points on elliptic curves over finite fields. [ ] / Schoof R.; Journal de 
Théorie des Nombres des Bordeaux, 1995, Vol. 7, P. 219–254. 



43

4. , . .
 [ ] / . ; //

 ( -2006):  XI . .- . . ,
, . , . , . . ., .

. ., . : . . . , 2006, . 149–150. 
5. , . .

 [ ] / . . ; -
 « » (AIS’06)  « »

(CAD–2006):  3 ., .: , 2006, .2, . 163–167. 
6. Dewaghe, L. Remarks on the Schoof–Elkies–Atkin algorithm [ ] / Dewaghe. L; 

Mathematics of Computation, 1998, Vol. 67(223), P. 1247–1252. 
7. Shanks, D. Class number, a theory of factorization and genera [ ] / Shanks. D.; Proc. Symp. 

Pure Math, 1971, Vol.20, P. 415–440. 
8. Csirik, J. A. An exposition of the SEA algorithm, preprint [ ] / Csirik. J. A; t, 2000 
9. Mueller, V. On the generation of Cryptographically Strong Elliptic Curves [ ] /Mueller, V. 

//Technical Report, Technical University of Darmstadt, 1997. 

MOLIN FUNCTIONS FOR REPRESENTATIONS OF FOUR-DIMENSIONAL POINT GROUPS 

. .
- . . ,
. ,

 4- 384
.

 3-
[ ]2,1 .

 3- [ ]3 . -
[ ]5,4 .
: 1)  4-

384 [ ]6 ; 2) 
384 [ ]7 , -

.
, , , -

. -
,

.
I. 384

[ ]8 , 384,
.

.  G – , , n – 
 V  .  –   I 

G n  I1, I2, . . . , In
m1+1, m2+1, . . . , mn+1, ,

( ) Gm
n

i
l =+∏

=1

1 ,             (1) 

G  - .


